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ABSTRACT. Let u be a regular Borel probability measure on a compact
Hausdorff space S, and let m be Lebesgue measure on the unit interval I. It
is proved that the measure-theoretic product (S, u) X (I, m"), where w is
a large enough cardinal and m" denotes product Lebesgue measure, is ‘‘pseudo-
isometric” to (I¥, m"). Here a pseudo-isometry ¢ is a point-isometry except
that, instead of ¢(A4) being measurable for every measurable A, it is reqvuired
only that A4 differ by a null set from a set with measurable image. If instead
M is a Baire probability measure and S is a Baire subset of I W, then
@S, u) X (I¥, m") is point-isometric to (I%, m"). Finally it is shown that
(roughly speaking) continuous maps can be ‘“smoothed” into projection maps (to
within pseudo-isometries) by multiplication by suitable projection maps.

1. Introduction. The measure space (I™, m") (that is, the product, with
product measure m", of w copies of the unit interval /, each with Lebesgue
measure m; w is an arbitrary cardinal) has many desirable properties; for in-
stance, its measure is completion regular [1, p. 230], [4, p. 993], it has the
strong lifting property [8], it has “sufficiently many measure-preserving transfor-
mations” [5], and in fact every endomorphism of its measure algebra can be real-
ized by a surjective point-mapping (as the author expects to show elsewhere).(2)
One would like to assert that an arbitary compact Hausdorff space S with a
“nice” measure p (say a regular Borel measure with u(S) = 1) has similar
properties; but this is unfortunately not the case, in general.(3) This suggests that
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we try to alter (S, u), in not too drastic a way, into a space that does have the desir-
able properties. The method adopted here is suggested by an analogous situation in
topology, where it is well known that multiplying a space by a product R* of cop-
ies of the real line tends to “smooth out™ the space; under mild assumptions the prod-
uct becomes homeomorphic to R" if w is large enough. Analogously we prove
here that, under suitable restrictions on (S, u), the measure-theoretic product

(S, ) x ¥, m") isisometric to (I",m") if w is large enough; in fact it is enough
to take w to be the weight (that is, the least cardinal of a base of open sets) of the space S.

This theorem is deduced from one that applies to a somewhat different class
of measure spaces and gives a slightly less precise result—that (S, g) x (", m*)
is “pseudo-isometric”, in a sense defined below, to (I, m"). It would be inter-
esting to know whether the pseudo-isometry here can be replaced by a genuine
isometry; I suspect that in general this is not possible.

Another way of looking at these results should perhaps be pointed out,
though it is not used in what follows. We can decompose the measure algebra
(E, ) of (S, p) into countably many homogeneous pieces, as in [3]; the nth
piece is then set-isometric, apart from a scale factor, to the measure algebra of
@, m"n) for some cardinal w,. Thusif w is large enough it is clear that
(S, w) x ™, m™) is set-isometric to (I, m"); and the above theorems assert,
in effect, that here the set-isometry can be realized by a point-mapping.

These theorems, and the techniques used to prove them, can be used to
obtain results (which I hope to publish elsewhere) on lifting and disintegration of
measures for nonseparable spaces.

Notation. A “pseudo-isometry” ¢, from a measure space (S,, B,, y;)
to a measure space (S,, By, up), is a one-to-one map ¢ of S, onto S,
such that

(1) for each E, € B,, ¢~ '(E,) € B, and u,¢~'(E,) = u,(E,);
(2) for each E, € B,, there exists E, € B,, differing from E, by a
p,y-null set, such that ¢(E;) € B,.

(Of course (1) shows that we have p,&(E;) = u,(E,) in (2).) If in (2) we can
always take E] = E, then ¢ is an “isometry” (= point-isometry in the sense
of [5]).

This definition can be rephrased as follows. Say that a o-field of measurable
subsets of S, is “full” if it includes at least one member from each measure-
class. Then a pseudo-isometry from (S,, By, #;) to (S,, B,, ) becomes an
isometry if we replace the o-field B, of all u,-measurable sets by a suitable full
sub-o-field.

The measure space (/¥0, m™0)—that is, the measure-theoretic product of
countably many unit intervals—will arise very often in the course of the work;
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we abbreviate it to (H, M). We shall often use the fact (cf. [11]) that (H, M)
and (I, m) are isometric.

We use [1], [2] as background references for standard measure-theoretic,
topological and Borel-set results.

The general strategy underlying the proof of the main theorem is simple.
We regard S as embedded ropologically in a product space I4, where 4 is
a suitable index set. For B C A, consider the projection Sz of § in I8,
with a measure induced from u in a natural way, and suppose we have a suit-
able pseudo-isometry of Sg x HB onto HEB. (Of course, H® is essentially the
same as I, but it is technically more convenient here.) We “lift” it to a
pseudo-isometry of S x HS onto HC, where C is B together with one
extra element of 4, and continue transfinitely. (Actually a Zorn’s Lemma argu-
ment will be used, but it comes fo the same thing.) We finally reach B = 4
and have the desired pseudo-isometry of S x H4 onto HA.

However, in carrying out this program, difficulties of detail quickly arise,
largely in connection with measurability. We do not assume that S has a
countable base. Instead, our method for controlling measurability is based on an
idea of H. D. Ursell [10]; we make systematic use of functions (from Sg x /
to I) that are monotone in the second variable (and measurable in the first).
Thus we begin (§2) with a treatment of increasing functions from / to I and
their “pseudo-inverses”; the subject is elementary but I have not seen it considered
from the present point of view before. Next (§3) we discuss measurability
questions for functions from Sg x I to I, as mentioned above. Two further
preliminary results are needed. One (§4) is a theorem on strict disintegration of
measures, which may be of independent interest. (It will also furnish the starting-
point for a more general disintegration theorem, as mentioned earlier.) The other
exhibits (§5) an explicit isometry of § x H onto H when S is topologically
embedded in 1. The existence of such an isometry is well known, but we need it
in explicit form in order to handle measurablity questions later on in the argument.

The main step comes next (§6). In the terminology used above (a
different notation is used in §6) we have S, C Sz x I, with suitably related
measures, and we wish to construct a suitable isometry of S, x H onto SB x H
For each x € Sy, the results of the two preceding sections enable us to deal
with the “section” of S, over x; we have only to let x vary, combine the
results—and prove measurability. The desired lifting of the pseudo-isometry from
Sg x HB — HB to S, x HE€ — HC is then a straightforward consequence
(§7). In §8 we then use Zorn’s Lemma to obtain a pseudo-isometry ¢ from
S x HA to H4, as required.

In §9 we note a variant of the theorem just proved, obtained by slight
revisions of the argument. The result says essentially that if S is /™ and u is
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a Baire probability measure on S, then (S, u) x (/, m") is actually isometric
to (I, m"), under a correspondence that takes Baire sets to Baire sets (both ways).

Finally, in §10, we generalize the main theorem (and also the extension
theorem in §7) by considering the situation in which we are given two compact
Hausdorff spaces R, S, a finite Borel measure u on S, and a continuous map
0 of S onto R. Then 6 induces a measure X on R. Let m be the pro-
jection map of (I4, m4) onto (IB, m®), where B C A. We show that, for
suitable 4 and B, the product map 6 x w can be converted by pseudo-isom-
etries into the projection map .

The author is indebted to A. H. Stone for some helpful discussions, and for
assistance with some topological details.

2. Monotone functions and their pseudo-inverses. We are concerned here
with monotone maps from one real interval to another; for simplicity we standard-
ize things so that our functions are increasing (= nondecreasing), defined on
the unit interval /, and with values in /. Given such a function f, we define
its “left and right limit functions”, f_ and f,, in a slightly unorthodox way,
as follows:

fo(0)=0; if 0<t<1, then f_() = f(t-) = limy_, ¢, f(t — 8);
fr)=1; if 0<t<1, then f,(t) =ft+) = lims_ o, f(t +5).

The departure from orthodoxy at 0 and 1 does not affect the familiar
facts: f_,f, are also increasing functions from I to I; f_ <f<f. +» and
f_(@®)=f(@t) =f,(@t) for all but (at most) countably many values of ¢t €I, the
“jumps” of f (but it is now easier for 0 and 1 to be jumps); f_ is contin-
uous on the left, and f, is continuous on the right. Also we have the elementary
but useful property:

1) If 0<t<t'<1 then f () <f_(t)

If f_<f'<f,, where f' isanother map from I to I, then f' is
also increasing, and we have f_ =f_ and fi =f,, sothat f_ <f<f}.
Thus the relation between f and f' here is symmetric, and is easily seen to be
an equivalence relation (on the set of increasing functions from I to /). Given
f, f_ is the smallest member of the equivalence class of f, and f. + is the
largest; the equivalence class of course consists of all f': I — I between them.
Thus, on denoting this equivalence relation by ~, we have: if f~f' then
f_=f_ and f, =f,. Inparticular, (f)_=f_=¢)_, )y =F =)

It is easily seen that two increasing maps f, f' from I to I are equiv-
alent if and only if f(f) = f'(f) for all but countably many values of ¢ € I.
However, this way of looking at the equivalence relation will not be particularly
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helpful to us. For our purposes, a more fruitful reformulation is a geometrical
one, as follows. Define the “pseudograph™ I'(f) of an increasing f: I — I
to be the subset

{6 OIF_() <t <[f,()} of IxI

(Roughly speaking, this is the ordinary graph of f with the jumps filled in by
vertical segments.) Then we have f~ f' if and only if I'(f) = I(f").

Given an increasing f: I — I, if we reflect I'(f) about the diagonal,
forming the set {(s, £)|f_(¢) <s <[, (¢)}, we obtain the pseudograph of another
equivalence class of increasing functions from I to I; we say these are “pseudo-
inverse” to f (and to the functions equivalent to f). Reformulating this in
analytic terms, we say that a map g: I — I is pseudo-inverse to a given increas-
ing f: I — I (oris “a pseudo-inverse of f) if

2 e =2p=>f_6E) @E)
or, equivalently, if (forall ¢, p€1J)
3) t>gp)=f)=>p and <gp)=f@)<p.

If g is pseudo-inverse to f, then (2) shows f(g(p)) = p for all but at
most countably many values of g(p). Further it is easy to see that g must be
increasing, and that (because (3) is really symmetric between f and g) f is
pseudo-inverse to g. From (2) the pseudo-inverses of f depend only on the
equivalence class of f (and so are determined by f_, or by f,). Moreover
the symmetry of the pseudo-inverse relationship shows that f, g are pseudo-
inverse if and only if

@) g (f@)=t=>g_(f@) (€D,

which depends only on the equivalence class of g.
We define the “upper and lower pseudo-inverses of f by:

@ F()=sup {t EI|f() <p} =inf {t EI|f(t) > p},
5) fp)=inf {tEI|f(t) =p} =sup {t EIIf() <pl,

with the conventions sup @ =0, inf @= 1. It is easily verified that f* and
f are indeed pseudo-inverses of f, and that

6) if g, is an arbitrary pseudo-inverse of f,
then g_=f_ and g, =f".

This confirms that the pseudo-inverses of f form a single equivalence class,
having f* as its greatest member and f_ as its smallest member; the pseudo-
inverses of f constitute precisely all the functions between f* and f_.
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Again, the symmetry of the pseudo-inverse relation shows that f isa
pseudo-inverse of f* (and of f._). Thus (6) gives f_ = () = ()
[ =) =(f.)". Note that from (1) and (6) we have:

@ If 0Sp<p'<1 then f~P)<f_(").

Now, given an increasing f: I — I, we shall decompose the domain of f
into 3 parts, corresponding roughly to: (a) the part for which the pseudograph
I'(f) is vertical (that is, f jumps), (b) the part for which I'(f) is horizontal
(the intervals on which f is constant), (c) the remaining “good” part, for which
both f and its inverse are well behaved. Formally, we define the “jump set”
J(f) of f by:

JN)={tellf_@)<f.@)},
and the “set of values of constancy” K(f) of f by:
K(H)={pE€I1If~'(p) has more than one point}.

For each p € K(f), f~'(p) is an interval of positive length, which may or may
not include one or both of its endpoints; we denote the closure of this interval
(including both endpoints) by CI(f~!(p)). We note for later use that if f is
continuous on the right then the interval f~!(p) (p € K(f)) certainly contains
its left-hand endpoint, and similarly for the right-hand endpoint if f is contin-
uous on the left.

Clearly if f~f' we have

® J(f)=J(f") and K(f)=K(f).
Now define the “constancy set” C(f) of f by:
¢ = Ui~ '®Ip €K} =~ K,
and the “extended constancy set” C'(f) of f by:
c'(H = U{as (@)K}
It is easy to see that
©) anccucernvin,

and that the restriction f|I — C(f) is strictly increasing (and hence one-to-one).
If f~f' then for each p € K(f) we see that the intervals f~'(p) and
(f)"'(p) have the same interiors, so

(10) () =C'().
Further, because K(f)=K(f_)=K(f,) and f_,f, are continuous on the



SMOOTHING COMPACT MEASURE SPACES 7

left and right respectively, we see that if p € K(f) then (f_)"'(p) U (f. +)"(p)
contains both endpoints of the interval f~!(p), so that

03)) C'(f)y=Cc(f)vCf,).
Finally we define G(f), the “good set” for f, by
G(f)=I-UNHVC () =1-U()VC())

(from (9)); from the foregoing, this too depends only on the equivalence class
of f.

Now suppose that g is any pseudo-inverse of the increasing function
f: I—1I, forinstance g =1 or f_. Itis easy to verify that
K@) = J(f), and for each t € K(g) the interior
of the interval g~'(¢) is (f_(®), £, ().

But since f is also a pseudo-inverse of g, (12) gives:

(12)

(13) K(f) = J(g), and for each p € K(f) the interior
of the interval f~'(p) is (¢_(), £, (P)) = (f(P), f~@)).

It follows that K(f) and K(g) are countable sets (as is also clear directly).

A straightforward verification now shows that, if f and g are mutually
pseudo-inverse increasing functions from I to I, the restriction of f to G(f)
is a continuous, strictly increasing map of G(f) onto G(g); the inverse map
is the restriction g|G(g) (which is also, of course, a continuous and strictly
increasing map of G(g) onto G(f)). In particular, f|G(f) and gIG(g) are
genuinely inverse.

We shall later need the identity (for increasing f: I — I):

149 fO = - UL, £, 1t €T} U FU)) VK(S).
To prove this, take an arbitrary pseudo-inverse g of f; then

fO =GNV FUU) V)
=G@E) VSU(f) YVK(S)
= -URUCE)UIU) VK,

and the result follows from (12) and (13).

Finally, we note that all the sets considered here—J(f), K(f), C(f),
C'(f) and G(f)-are Borel setsin 1. For J(f) and K(f) (=J(f*)) are
countable; hence C(f) and C'(f) are F, sets,and G(f) is Gg.

3. Some lemmas on measurability.
3.1. Suppose that X, Y, Z are arbitrary sets, and that B(X), B(Y),
B(Z) are given o-fields of subsets of X, Y, Z respectively. We define B(X x Y)
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to be the product o-field B(X) x B(Y)-that is, the o-field of subsets of X x Y
generated by the sets 4 x B (4 € B(X), B € B(Y))—and define B(X x Z)
similarly. A function f: X — Y is said to be B-measurable if f~1(B) € B(X)
for all B € B(Y); and similarly we define the B-measurablhty of F-XxY—2
andof F: XxY—XxZ (requiring, for instance, that F- ID)eEBX x Y)
forall D € B(X x Z)). Then we have:

If F:X x Y — Z is B-measurable, and F: X x Y — X x Z is defined
by f(x, y) = (x, F(x, y)), then F is B-measurable.

For it suffices to show that F—!(4 x C) € B(X x Y¥) for all 4 € B(X)
and CEB(Z); but F~'(4 x C)=(4 x Y)NF~1(C) € B(X x Y).

3.2. Now we specialize by taking Y = Z = I, the unit interval, with B(/)
= the usual o-field of Borel subsets of I. Suppose F: X x I — I satisfies the
following conditions:

(1) Foreach t €1, themap F': X — I, where F'(x)=F(x, t), is
B-measurable.

(2) Foreach x €X, themap F,:I— I, where F,(t) = F(x, t), is
increasing (that is, nondecreasing).

(3) Either (a) F, is continuous on the left (that is, F,(¢t-)=F,(t) for
0<t<1) forall x€X, or

(b) F, is continuous on the right for all x € X.

Then we show(%):

THEOREM. F is B-measurable; and consequently (by the remark in 3.1)
sois F: X xI— X x I, where F(x, t) = (x, F(x, t)).

First suppose condition (3a) is satisfied (as well as conditions (1) and (2)).
Fixing an arbitrary p € I, it will be enough to show that the set E =
{&, DxE€X, t€L F(x, t) <p} isin B(X x I). Foreach x € X, define

£(x) = sup {t €EI|F(x, t) <p},

with the conventions sup @ =0, inf g =1 as before; note that £(x) =
(F,)"(p), in the notation of §2. The first step is to show that & X — 1 is
B-measurable. For each rational p €1, put X, ={x €X |F(x, p) <p}; from
(1), X, € B(X). Put g, = p times the characteristic function of X, and
define g: X — 1 by

g(x) = sup {g,(x)|p rational, 0 <p < 1} (x€X).

Clearly g, is B-measurable; hence so is g. But it is not hard to see from (2)
that g = &, which is therefore B-measurable.

(4) This theorem generalizes results of Ursell [10].
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Now define E, = {x € X|F(x,0) <p} and,for n=1,2,++ and
k=l,2,°",n,

H,, = {x € X|(k — 1)/n < £(x) < k/n},
Win=Hy, x [0,k/n].

We verify that

* E=(E, x)N ﬁ 0 Win:
n=1 k=1

In fact, if (x, ¥) €EE then t < §(x); also, by (2), we have F(x, 0) <
F(x,t)<p, so (x,t)EE, xI. Foreach n=1,2,+~, there is at least one
integer k such that 1<k <n and (k — 1)/n<¥(x) <k/n. Thus x €EH,,
and ¢t <k/n, so (x, t) € W,,, proving that (x, t) is in the set on the right
of (*). Conversely, if (x, £) is in that set, we take foreach n=1,2,+++ a
corresponding k for which (x, ) € W,,,; thatis, (k — 1)/n < ¥(x) <k/n
and ¢t < k/n. This shows that ¢ < £(x) + 1/n for all n, proving that ¢ < §(x).
If t=0, we have F(x, t) = F(x, 0) <p (because x € E,), showing (x, f)
€E. So we may assume 0 <t< §(x) (<1). From (2) we have F(x, t) <
F(x, £(x)), which in turn <p because of condition (3a). Thus again (x, ) € E.

From (*) it is clear that E € B(X x I), as required.

3.3. Now suppose F satisfies conditions (1), (2) and (3b). Fixing a posi-
tive integer n for the present, we define

(@) =min(t +1/n,1) (€I,
H,(x, ) = Fy(r,() =) = lim F(x, 7,() = 8).

From the fact that F satisfies conditions (1) and (2), it follows that H,, satis-
fies (1), (2) and (3a); we omit the verification of this, which is straightforward.
Hence the foregoing shows that H, is B-measurable. So, therefore, is inf, H,;
but another routine verification shows that (because F satisfies condition (3b))
inf, H,(x, t)=F(x, t) if 0<t<1, and from this and (1) the measurability
of F follows easily.

3.4. We remark (cf. [10, p. 330]) that condition (1) above can be weak-
ened; it suffices that it hold for a dense set of values of ¢ including O in case
(a), 1 in case (b). This is shown by the proof, where the rational numbers
could equally well be replaced by a countable dense subset of the dense set in
question; but it also follows from the observation that the original form of
condition (1) is an easy consequence of the weakened form of it, in the presence
of conditions (2) and (3).
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However, the continuity condition (3) is essential.(5) For example, suppose
X=1I andin I x1I let P={(x, t)|x +¢t> 1}, and let Q be an arbitrary
non-Borel subset of the segment {(x, £)|x + ¢ = 1}. Then the characteristic
function F of PU Q satisfies (1) and (2), and moreover F, is continuous on
one side or the other for each x; but F is not B-measurable.

3.5. Now suppose F: X x I — I satisfies condition (2) above: each
F,:I—1 isincreasing (x € X). We apply the considerations of §2 to f=F,,
adopting the following notation. F_(x, t) denotes (F,)_(f); that is,
F_(x,0)=0 and F_(x, ) =limg_, o, F(x,t —8) for 0<t<1. Similarly
F,(x, t) denotes (F,),(t), and we write F,_(x, t) for (F,)_() and
F<(x,t) for (F,)(f). In other words, x plays a purely passive role through-
out. Analogously we define the “jump set” of F by

T*E) = {&x, Ot EIF,)} = {(x, )IF,(x, 1) > F_(x, 0}
(where it is understood that x € X and t €[), and (where p €I)

K*F) = {(x, p)Ip EK(F,)} = {&x, P)IF,)"(p) bas >2 points},
C*F) = {(x, DIt ECF,)} =F'(K*F),

the “constancy set” of F, where F is defined as in 3.1,
C'*(F) =1k, DIt EC'EFL},

the “extended constancy set” of F, and
G*@®)={(, NItECE} = (X x ) - T*"E)VC"*(F)),

the “good set” for F.

The results of §2 apply immediately to these sets and functions; one merely
has to think of x as being fixed. Thus, for instance, (F*)" =F,, J *E) =
K*(F*)=J*F_), and so on.

The principal goal of this section is the following result.

LEMMA. Suppose F: X x I — I satisfies conditions*(l) and (2) of 3.2
above; then all the functions F_, F_, F*,F,_ and sets J (F), K*(F), C'*(F)
and G*(F) are B-measurable.

(We remark that condition (1) could be weakened, as noted above. Note
that condition (3) is not assumed, and that nothing is said about C*(F).)(6).

(5) For B-measurability of F. As shown in {10}, (3) is not needed to ensure
Lebesgue measurability, for instance when X = I,

(6) An adaptation of the example in 3.4 shows that C '(F) need not be in
B(X X I) in general.
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ProoF. Clearly F_ also satisfies conditions (1) and (2), and in addition
it satisfies (3a). So, by the theorem in 3.2, F_ is B-measurable. Similarly, so
is F, (which satisfies (3b)). To see that F* is B-measurable, we show that
it satisfies conditions (1), (2) and (3b). Condition (1) has been verified in 3.2,
in showing that ¢ was B-measurable; for £(x) = (F,)"(p) =F (x,p) (with p
fixed but arbitrary). Condition (2) is clear, because for each fixed x € X,
F*“(x, p) is an increasing function of p. And from equation 2 (6) we see that
F<(x, p) = (F(x, p)), and is thus (for each fixed x € X) continuous on the
right, so (3b) holds. Similarly F_ is B-measurable.

Since F, and F_ are B-measurable, it is clear from the definition of
J* that J*(F) € B(X x I). Again, §2 shows that K*(F) =J*(F*), and
thus K*(F) € B(X x I).

It follows that if F happens to be B-measurable, then F- YK*F)) e
B(X x I)-that is, C*(F) is thenin B(X x I). But, whether or not F is
B-measurable, we have seen that F_ and F, are. Hence C*(F_) and
C*(F,) arein B(X x I). Their union is just C'*(F), from equation 2(11),
which proves C'*(F) € B(X x I). Finally,

G*F)=(XxI)- (*F)VU C'™*(F)) € B(X x I).

REMARK. From §2, the restriction F|G*(F) coincides with both
F_|G*(F) and F,_|G*(F), and so is B-measurable; and it is a bijection of G*(F)
onto G*(F*) = G*(F_); the inverse map is F“I|G*(F )= F_|G*F ),
which is likewise B-measurable.

3.6. We need one further elementary result:

Suppose f: X — I is B-measurable; then the sets {(x, t)Ix € X, t €],
t<fx)} and {(x, )IxE X, t €I t <f(x)} arebothin B(X xI).

This is easy to prove directly, but it can be deduced from 3.2 as follows.
Let R denote the real line, and define G: X x R— R by G(x, t) = f(x) — ¢.
The theorem of 3.2 (which applies if R replaces 7, with substantially the
same proof) shows that G is B-measurable; then G~1(0, «) € B(X x R), and
the intersection of this set with X x I is therefore in B(X x I). But this
intersection is {(x, )Ix € X, t €I, t < fix)}. The proof for the second
set is similar.

4. A disintegration theorem.

4.1. Throughout this section, R is a compact Hausdorff space, S isa
closed (hence compact) subset of R x I such that the projection map
m R xI— R maps S onto all of R, and u is a regular Borel measure on
S, with u(S) =1, completed with respect to null sets. We use the following
notation. B(R), B(R x I), B(S), B(l) denote the respective families of Borel
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subsets of R, R x I, S, I (This is consistent with the notation of 3.1;
B(R x I) coincides with the product o-field B(R) x B(I), because I has a
countable base of open sets.) Foreach r€R and P CR x I, we put
P, ={tE€I|(, t)EP), sothat {r} x P, is the “section” P N w~1(r), which
we denote by P’. The restriction |S is denoted by 8; thus S"={r} x S, =
0-1().

We define a Borel measure A on R (easily seen to be regular and complete
with respect to null sets) by setting A =pu + 9~1; thatis, \(E) = u@ " '(E)) =
u(S N (E x I)) for Borel (or merely measurable) £ CR.

THEOREM. Under the above hypotheses, we can define a Borel measure
u, oneach S, (r €R), insuch a way that: (i) p,(S,) =1, (i) forall
P& B(S), themap r+—u,P) (of R in I) is Borel measurable, (iii) for
each Borel (or measurable) subset A of R, u(P N (A x I)) = [, u,(P)AN().

In particualr, pu(P) = fp u,P)A\().

Note that this theorem gives a “strict disintegration” in the sense that each
measure u, is defined (in effect) on the corresponding section S§”. It is related
to results in [8] (in particular, [8, Theorem 2, p. 136]), but does not seem to
follow easily from them. The measures u, are automatically regular, because
S, CIL

4.2. ProOF. The proof consists in adapting familiar measure-theoretic
techniques to a less familiar situation. For convenience we extend u to a
regular Borel measure (also denoted by u) on all of R x I, by defining u to
be 0 outside S. For each H € B(R x I), consider the set function ug on
B(R) defined by

Mg(A) =nHN @A x1)) (4 € BR));

this is a countably additive measure on R, absolutely continuous with respect
to A (and in fact majorized by A). So it has a Radon-Nikodym derivative f;
in other words, fy is a Borel measurable function on R such that, for each

A € B(R),

0 uHO A x D) = [, fO)De).

This determines f;; only modulo A-null sets; we choose one such fy arbitrarily
for each H. Clearly 0 <fy,(r) <1 ae. To facilitate printing, we also write

fu(r) as f#H, ).
For each H € B(R x I), define its “essential projection” by:

pH)={rERI|f(H,r)> 0}
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We observe that, although #(S N H) need not be measurable,
(2) ApH) -n(SNH)=0 (HEBR x1I)).

For the regularity of u shows that there existsan F, set FCSNH
with p(F) = u(S N H) = u(H), and it suffices to show that A(p(H) — n(F)) =
0. But #(F) is o-compact, hence Borel; thus if p(H) — n(F) is not A-null
it contains a Borel set A of positive A-measure on which f(H, r) is bounded
away from 0. Then

WEO@x D)= pEH N @ x D)= [, fu)aNe) >0,

contradicting the fact that FN (4 xI) = g&.

Our main object is to arrange, by discarding a suitable null set in R, that
f(H, r) behaves for fixed r like a measure on a judiciously chosen family of
sets H. Let F denote the finitely additive field of subsets of I generated by
the (not necessarily open or closed) intervals with rational endpoints, and put
G ={(R x F)|F € F}; this is a finitely additive field of Borel subsets of R x I.
Since G is countable, there is a A-null Borel set N C R such that, forall r €
R - N, we have:

3) f(@,nN=0, fS,)=1=fR x1Ir), and
0<f(G r<1 forall GEG;

@ if G,,G,,*+,G, are pairwise disjoint members of G,
then f(G, VU UG, nN=fG,r)+--+f(G 1)
) foral GE G, p(G) Cn(SYG)UN.

We next wish to extend (4) to certain countable (disjoint) unions. To do,
this, let F' C F be the family of all sets F' expressible as the union of a finite
number of disjoint open rational intervals in I (open relative to /), and let
G' C G be the family of all sets G' =R x F' where F' € F'. We show that,
foreach GE G and almost all 7 ER - N,

6) fG n=inf{fG', |G €G and G' DG}

For (4) gives < here. To prove =, note that each F € F is a finite
union of disjoint rational-ended intervals (not necessarily open or closed), and
hence F is expressible as ﬂ{F'nln =1,2,-+-} where F, € F' and
F;DF};D+--. Thus,given G€EG, wehave G =[), G, where G, €G' and
G, DG, D---. From (4) again, (G}, ) =>f(Gy,r)=--+; let
lim,_, . f (G,',, r) = g(r). It will suffice to prove g() <f(G, r) a.e. But if not,
there exist € > 0 and a Borel subset A of R — N with A(4)> 0 such that,
for each r €4, g(r) > f(G, r) + e. A routine calculation, using (1), shows
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1((G,, - G) N (A x ) > e\4) for all n. But u(G, - G)— 0 as n—> =,
giving a contradiction.

Since G is countable, we can enlarge the null set N to N’ so as to make
(6) hold for all GEG andall rER - N'.

Similarly, on writing G" for the family of all sets R x F" where F" is
the union of a finite number of disjoint closed rational intervals (possibly degener-
ate) in 7, and noting that each F € F is a countable increasing union of sets
like F", we obtain:

f@G, ) =sup {f(G",nNIG"EG" and G" CG},
@ foral GEG and all rER — N", where N" (O N' DN)
is a A-null Borel set.

Now we obtain the desired extension of (4):

If G=U,, G, where G,,G,,**+, and G areinG
@® and G,,G,,*** are pairwise disjoint, and if 7 ER — N",
then f(G, V=2, G, 1).

For, given € >0, we use (6) and (7) to find G;€ G’ and G" €G"
such that G;D G;, G" CG, f(G", r)>f(G, 1) —¢/2, and G, )<fG,1)+
€/2'*! (i=1,2,+++; r is fixed for the moment). Since G" is compact
and each G is open, we have G" C Gy U+++ UG, forsome n. It follows easily
from (4) that f(G",r) <f(G;, 1) +*** +f(G,,r); thus fG N<Z,f(G;, 1) +e.
Since € is arbitrary, this proves one inequality in (8); and the other is a trivial con-
sequence of (4).

Now for rER -~ N" and FE F, put "F=FnNS,; the family 'F =
{'FIF €F} is thus a finitely additive field of subsets of S,. We have:

©) If rER-N",F,,F,€F and 'F; ='F,, then
FR xF,r)=fR x F,,T).

Forlet G, =R x F,, G, =R x F,; then f(G, - G,,r) =0 since
otherwise 7 € p(G, — G,) and therefore (by (5)) there exists # € such that
(r, )€ (G, - G,)NS. But then t €'F; —'"F,, which is impossible. Hence,
by @), f(G;,») =f(G, N G,, r). Similatly f(G, N G,, ) =f(G,, 1),
establishing (9).

Because of (9) we can consistently define, for "FE'F and r€ER - N",

#(F)=fR x F, 1),

where F is any member of F such that "F = F N S,. From (3) we have
1@ =0, u,S,)=1, 0<u,(F)<1. Itisnot hard to see from (4) and (5)
that p, is finitely additive. A similar argument, using (8) instead of (4), shows
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that u, is countably additive on " F. Hence u , can be extended to a countably
additive measure (which we still denote by u,) on the o-field of subsets of S,
generated by "F. But this is precisely the o-field B(S,) of all Borel subsets of
S,.

Next we define p, when r € N". (Of course this has no measure-theoretic
significance, but some care is needed here to ensure good Borel behavior.) Recall
that, for each r €R, S, is a compact nonempty subset of I; let a, be its
smallest member. For each r € N”, take u, to be the corresponding point-
measure concentrated at a, (thatis, if E € B(S,), then u, (E)=1 if a,€E,
0 otherwise).

4.3. We still have to show that the properties (ii) and (iii) of the theorem
are valid. Let P be the family of all P’ € B(R x I) such that the assertions
(ii) and (iii) hold for P=P' NS (and all 4 € B(R)). It will suffice to show
that .P= B(R x I). This requires a number of steps.

(@) If FEF, then RxF€EP

Put P=(R x F) N S; then, for r€ER — N" we have u,(P,)=f(R x F,r),
which is a B-measurable function of 7 on R — N". Butif r EN" we have
rP,) =1 if (r,a,) EP, 0 otherwise; and since {r €Rl|a, € F} is a Borel
set (because a4, is a lower semicontinuous function of r) the assertion (ii)
follows. And (iii) follows from (1) since A(N") = 0.

(b) If PEP then R xI)-PEP

Forif Q=R xI)—P then u/(Q,)=1-u,P,) forall rTER A
similar but slightly more elaborate calculation shows:

) If LQEP and QDOP, then Q-PEP.

() If P,Py,*-- €EPand P,CP,C+++ then U, P, EP

Here (ii) is immediate, and (iii) follows from the “monotone convergence
theorem” for integrals.

@) If P,,P,,+--€Pand P,DP,D-++ then N, P, EP.

From (b) and (c).

(). If P,,P,, - aredisjointand P, EP (n=1,2,°++) then
U,p,eP

Forif P= U, P, wehave p,(P)=%, u,P,) foreach rER.

(f) If BEBR) and PE P then PN (B x DEP.

Forif @ =PN (B xI) we have p(Q) = u,(P)xg(r), where xp is the
characteristic function of B.

(® If BEBR) and FEF then Bx FE F.

From (a) and (f).

(). If U isopenin R xI, then UE P.

Enumerate the rational open intervals of I (open relative to /) as W,,
Wy, *++. For n=1,2,-++, let V, be the set of all »r €R having an open
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neighborhood V(r) in R such that V(r) x W, C U. Then V, is open, and
it is easy to see that U= U, (V,, x W,). From this one sees that U can be
written as the union of a countable disjoint family of sets, each of the form
B x F with BE BR), FEF. For V; x W, is already of the form B x F;
the difference (V, x W,) — (¥, x W,) is the union of 2 disjoint sets of this
form (namely (V, N V,) x (W, — W,) and (V, — V) x W,), and so on; at
the nth stage we express (V,, x W,) — (V; x W)U - UV, _, x W,_,))
as the union of n disjoint sets of this form. The result (h) now follows from
(g) and (e).

4.4. The desired conclusion P= B(R x I) now follows from the following
lemma (a variant of the “monotone family theorem” [1, p. 27]), which is often
useful in such situations.

LEMMA. Let A be a family of subsets of a set X, containing X and
closed under finite intersections. Let P be a family of subsets of X, containing
A and having properties (b') and (e) above. Then P contains the o-field
(of subsets of X) generated by A.

In fact, once the lemma is proved, we have only to apply it to A = family
of open subsets of R x 1.

PROOF OF LEMMA. Let Q be the smallest family of subsets of X that
contains A and satisfies (b) and (e) above; it suffices to prove that Q isa
o-field. We first show:

(a) If A€A and BEQ then ANBE Q.

For put C = family of all B€ Q for which (a) is true (for all 4 € A);
one easily verifies that C D A and satisfies (b") and (¢), so C D Q, as required.
By repeating the above argument with slight modifications, we deduce from
(@) that:
®) If A, BEQ then ANBEQ.

Hence
™ If L,QEQ then Q- PEQ:

for we now know Q NP €, and apply (b') to Q and QNP.
It follows readily that @ is closed under finite unions, and hence under

countable (not necessarily disjoint) unions; and, being closed under complements,
Q is a o-field.

5. An explicit isometry for a special case.
5.1. In this section we prove what amounts to a very special case of the
main theorem, in which the compact measure space S is topologically a subset
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of the real line. Suppose, then, that S is a closed subset of the unit interval J
and that u is a Borel measure on S (necessarily regular) with u(S) = 1; itis
not assumed that g is nonatomic. We consider the measure-theoretic product
(S x H, p x M) where (H, M) is the measure-theoretic product of &, copies
of I, each with Lebesgue measure m. We shall give an explicit construction
to prove:

THEOREM. There is a Borel isometry ¢ of (S x H, u x M) onto (H, M).

That is, ¢ is a bijection of S x H onto H such that ¢ and ¢~! both
take Borel sets to Borel sets, and such that, for every measurable £ C S x H,
M($(E)) = (u x MYE). As mentioned in the introduction, though the existence
of sucha ¢ is well known, we need an explicit construction of it for use in §6.
The following construction may not be the simplest possible, but is in a form
convenient for later work.

5.2. Asin §4, it is convenient to extend u to a Borel measure on all of
I, by taking it to vanish outside S. For t €1 define

d(®) = ul[0, 1) = u(S N [0, N);

then d is an increasing function from I to I, and the considerations of §2
apply to it. Because u(S) =1 we have(7)

M d_()=d@®), d,@®=u[0,1].

(However, we shall sometimes write d_ rather than d, for the sake of
notational symmetry.)

In the notation of §2, J(d) is the set of atomic points of (S, u); and,
since [ — S is the union of a family of disjoint intervals, open relative to 7, on
each of which d is constant, we have I — § C C(d) C C'(d). Thus

) Jd)uG@cCs.

From §2 we know that d|G(d) is a strictly increasing (and homeomorphic)
map of G(d) onto G(d*). We shall show that d|G(d) is also measure-preser-
ving; that is,

?3) u(E) = m(d(E)) for every Borel subset E of G(d).

It is enough to prove (3) when E is of the form G@) N [0,¢], tE L
Now the definition of G(d) (§2) can be written

@ G@) =({ -J@) - (C'@ - J@)

(7) Note that this fits the convention at the beginning of §2, which requires d_(0) =
0, d(1)=1.
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and here we have
) uC'@ - J@d) =0,

because by definition (§2) C'(d) is a union of intervals of the form [a,, b,]
(p € K(d)) where d is constant and equal to p on the open interval (a,, bp);
thus

©) C@-idy= U a5,
PEK(d)

where the prime denotes that any endpoints (a, or bp) that are in J(d) are
deleted. For later use we remark that here @, =d_(p) and b, = d“(p), from
2(13). Now all undeleted endpoints in (6) are u-null; thus (5) follows from (6)
together with the observation that

"(a ’ bp) = d—(bp) - d+(ap) =p-DP= 0.

From (4) we now have, for t €1,

@) uG@ N[0, 1]) =d, () — L{u@)ls €JE), s <t}.
Again, since d(G(d)) = G(d~) and d|G(d) is strictly increasing, we have
®) dG@ N[0, ¢]) = GE@)N[0,d, (O],

where G(d*) is by definition (I — C'(d")) — J(d"). The countable set
J(@") is m-null; thus from (8) we obtain
€)) m(d(G@d) N [0,1])) =d (1) - m(C'@") N [0,d (@)]).
Now 2(12) shows that C'(@") =U{[d_(s),d.(s)]Is € J@)}; here we may
delete the end points without altering m-measures, obtaining
m(C'@") N [0,d,()]) =2{d,(s) — d_@)s €J@), s <1}
= Y {u(s)ls € @), s <1}.
With (9) and (7) this shows that (3) holds when E =G(d) N [0,¢]; and hence it

holds generally.
5.3. Now define a function § from S xI to I by:

8 =010-»)d_()+yd, 5) (GES yEI.
Of course & is B-measurable because d_ and d_ are (being semicontinuous).
Clearly 5(s, 0) = d_(s) = d(s), 8(s, 1) =d (s), and 0 <d_(5) <85, ») <
d (s) < 1. It readily follows that
if 5,5€S and s<s' then 8(s, ¥) <&(s, 2)
forall y,z€1L

(10
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We observe that
1 SSxN=1
For, from (1) and 2(13),
8 x {0 =d_(S) =dI) > I - U{[d_(t),d D] It €EJ@)};
and, for each t € J(d) we have t €S and

6({t} x I) = [d_(),d, ()],

so (11) follows.

Next we need a formula for 6~ 1(p) where p € K(d). We recall that
d~'(p) is an interval, with endpoints g, =d,_(p), b, =d"(p), and a,,b, €
SU {0, 1}; in fact a, can fail tobein § only if itis 0, and b, can fail
tobe in S only if it is 1. Now write

Ap={l} if aPEJ(d), I if apéS—J(d), & if aPQS;
B,={0} if b,€Jd), I if b,ES-Jd), B if b, &S.
Then one verifies:
(12) I pEKE, 57 @)= (N Gy 5,) x DU (3} x 4,) U (,} x By).

Of course 6~ '(p) is Borel in S x I (and hence in 7 x I) foreach p €
K(d). Further, ua,, b,)=0 and pla,} =0 if a, & J@), and p{b,} =0
if b, & Jd). So (12) shows that (u x m)(5~'(»)) = 0 (p € K(d)); and,
because K(d) is countable, it follows that

13) (u x m)@~' (K@) = 0.
5.4. Now consider the pseudo-inverse d~ of d; from §2, on defining
I, =G@d"), I,=Jd"), I;=C'@")-Jd"),

we have that I, 1,, I, are pairwise disjoint Borel sets with union I. Define
T, = 8"(1,) (i=1,2,3); then T,,T,, T, are disjoint Borel sets with union
S x I. We shall show that

14) T,=G(@d) xI, T,=86"'KW), T,=0@) xI)-T,.

If (s, x) €G() x I, then d_(s) =d(s) =d(s) and so 3(s, x) = d(s)
€d(G@)) = G@"), by §2. Conversely, if (s, x) =p (say) € G(d*), put
3o =d.(p) =d"(p); then s, €d"(GWA")) = G(d), and we show s = s,
If s<sy then s <d_(p); hence (2(5)) d,(s) <p, and it follows that
8(s, x) <p, which is impossible. Similarly s> s, is impossible; hence s = s,
and therefore (s, x) € G(d) x I This verifies the first assertion in (14).
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Since J(d©) = K(d) (2(13)), the second assertion is clear. The third is
more troublesome. By the argument used to prove (6), but applied to d*
instead of d, we have

I; = U{[d_(),d,.@)]'1t €J@)},

where the prime denotes the endpoints in K(d), if any, are to be removed.
Suppose now that &(s, x) € I3; then (s, x) € [d_(t), d ()]’ for some
t € J(d). It follows (as in proving the first assertion) that s = ¢; thus (s, x) €
J(d) x I andsince I, is disjoint from I, we alsohave (s, x) € 8~'(/,) = T,.
Conversely, if (s, x) € (J(d) x I) — T,, one easily checks that 8(s, x) €C'[@") —
I, =1, completing the proof.

A similar calculation gives

(15) Ty = U{{s} x IIs €J@)},

where I is I with possibly one or both of its endpoints removed. More pre-
cisely, the endpoint O is removed if and only if d_(s) € K(d), and the end-
point 1 is removed if and only if d_(s) € K(d).

It follows easily that

(16) 8|T; is a bijection of T; onto ;.

5.5. Now we define the map ¢: S x H — H as follows. We regard H
as I x H', where H' isa copy of H; thus we have to define ¢ on S x J
x H', which is the union of 3 disjoint Borel sets T; x H' (i =1, 2, 3). We
define ¢ on T, x H' =G(d) x I x H' by

an B(s, Xy, Xg, X3, 0=+ ) = (d(s), Xy, X5, *+*)EH

(where s€G(d),x, €I and (x,,x5,***)EH").

To define ¢ on T, x H ', we first note that, for each p € K(d),
8~ 1(p) x I is an uncountable separable absolute Borel set, so we can choose
[2, p. 450] a Borel isomorphism (that is, a bijection preserving Borel sets both
ways), say ¥,, of 67'(p) x I onto I. Now if (s, x,, x5, ***)ET, x H'
we have (5, x,) € T, = §~1(K(d)), so &(s, x,) =p, say, € K(d). We define
¢ on T, x H' by:

@, x4, x5, X5, ) =(p, wp(s, Xy,X5), X3, %4,°°°)

where p = §(s, x,).

18)

Finally, on Ty x H', define

(19) ¢(S, xl: xzn x3,..')=(8(s: xl)rxz,x;p...)'

Note that in all three cases the first coordinate of ¢(s, x;, x,, ***) is
8@, xy).
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Then ¢ is injective. For suppose ¢(s, Xy, X,, * **) = ¢(s’, X}, X, * ),
where s, s’ €S and x,,x, €I for n=1,2,+++. Then the first coordinates
8(s, x,) and 8(s, x;) of these points are equal, and belong to some I,

(i=1, 2, 3). By definition of T}, it follows that both (s,x;) and (5, x})
arein T;. If i=1 here, (17) shows that d(s) = d(s"), X, = X1, X, =x3,°*".
Also s, s' € G(d) (by (14)), on which d is injective; thus s =s', as required.

If i=2 we again have 8(s, x,) = 8(s, x;) = p, say, and (18) gives x; =x3,
x, = x;, cec, and Y05 %y, x,) = wp(s',x;,x;). Since ¢ is injective
we have s=s',x, = x| and x, = x} also, again as required. Finally if i =3
the result follows in a similar way from (19) and (16).

Also ¢ is surjective. Given y = (¥,,¥,,***)€E H, we have y, €1,
forsome i=1,2,3. If i=1, then g+#6-1(y,) CG@) x I, from (11)
and (14), so there exist s € G(d) and x € such that (s, x) =y,. Since d
is continuous at each point of G(d), d(s) = &(s, x) =y,. Thus (s, ,,73***)
=(1,Y3,Y3, ***) asrequired. The arguments in the cases i = 2, 3 are
similar. Incidentally this also proves

(20) (T, xHY=I,xH' (i=1,2,3).

5.6. Next we show that, for each Borel set E in S x H, ¢(E) is a Borel
set in H. It suffices to prove thiswhen ECT; xH',i=1,2,3. If i=1
here, we note that (17) can be written ¢|T, x H' = (d|G(d)) x i;; where iy
is the identity map of H, and this is a homeomorphism. Thus ¢(E) is Borel
in ¢(T, x H)=1, x H', and hence is Borel in H. If i =2, we note that
(from (14)) T, = U{5~!(p)lp €K(@)}, a countable union; hence it is enough
to consider the case in which E is contained in a single set 6~ '(p) x H'

(p €K(@)). Buton 6~ '(p) x H', from (18), ¢ is of the form a x ¥, x i',
where « is a constant map, ¥, isa Borel isomorphism and i’ is an identity
map. Thus again ¢(E) is Borel in ¢(5~1(p) x H"), which is itself Borel in

H (being the set of all points of H with first coordinate p). Finally, if

i= 3, we use (15) to reduce the problem to the case in which E C {s} x I x H'
for some s € J(d). On this set, ¢ reduces to & x iy +, where 8|{s} x I is
linear; hence again ¢(E) is Borel.

In other words, ¢! is a Borel measurable bijection between separable
absolute Borel sets; and from this it follows [2, p. 489] that ¢ is a Borel iso-
morphism. (Alternatively, it is easy to verify directly that ¢ is Borel measurable,
by arguments similar to the preceding.)

5.7. To conclude the proof of the theorem, we have only to show that ¢
is measure-preserving; that is, if £ is a Borel subset of S x H then M(¢(F)) =
(u x MXE). Again it suffices to do this assuming EC T, x H',i=1,2,3.

For i=1 we have as above that ¢ reduces to (d|G(d)) x iy, where
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both iy and (by (3) above) d|G(d) are measure-preserving.

For i =2 we note that (u x MXT, x H') =0, from (13), and
(T, x H')=Jd) x H' which is M-null because J(d) is m-null (being count-
able). Thus M(¢(E) =0= (u x M)(E) in this case.

Finally, for i = 3, we may suppose as before that E C {s} x I, x H "
where s € J(d); and it is then enough to show that §|{s} x I, is measure-preserving.
Now if y €I we have that the increasing linear function 8 on {s} x I maps
the interval {s} x (0,y) onto the interval (d_(s), (1 —y)d_(s) + yd .(s)),
with m-measure y(d,(s) — d_(s)) = yu(s), so & here preserves measure for
intervals, and thus for Borel sets also; and the proof is complete.

6. A more general isometry.

6.1. In the present section we deduce from the result just obtained a gen-
eralization of it which will be the essential step in the transfinite process leading
to the main theorem. We suppose now that R is a compact Hausdorff space
and that S is a closed (hence compact) subspace of R x I such that #(S) =
R, where 7 is the projection map of R x I onto R. We use the same nota-
tion as in §4; in particular, for PCR x I and r €R, we write Pr = {t €
Ii(r, ) € P}, and the restriction w|S is denoted by 6. Asin §4, we suppose
that a completed regular Borel measure u is given on S, with u(S) = 1; and
we use A to denote the corresponding completed Borel measure on R (that is,
A =po 6-1). We recall that an isometry between two measure spaces is a bi-
jection between them that preserves measurability and measure (both ways).

THEOREM. Under the above hypotheses, there exists an isometry ® of
(S xH, ux M_) onto (R x H, X\ x M) that “preserves r-fibres”; that is, the
following diagram commutes, where w, & are the projection maps:

SxH
w/ \‘1’
S R xH
o /3

R

Of course, when R reduces to a singleton, the present theorem reduces to
the previous one.

6.2. PrOOF. Apply the disintegration theorem of 4.1 to obtain a Borel
measure u, oneach S, (r€R) with the properties stated in that theorem. For
each r €R, apply the theorem of 5.1 to the measure space (S,, i,) (of course
S, is a closed nonempty subset of /) to obtain a Borel isometry ¢, of
(S, x H, u, x M) onto (H, M), constructed as in §5. Define a map ®:
SxH—R x H by
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or 1, y)=@ ¢, ) (CER,tES, yEH).

It is easy to see that P is a bijection of S x H onto R x H that preserves
r-fibres. We next show that & and ®~! preserve measurability; this is the
only troublesome part of the proof.

6.3. It is convenient to extend u, to a measure (still denoted by p,) on
I, by taking u, to vanishoutside S, (r€R). Define functions D_,D, from
R x1I to I by

D_(n)=u(0,), D,.0)=un(0,1]) (¢EI)

and for convenience write D_ also as D. Of course 0 <D=D_ < D, <1
Note that, for fixed r €R, the function D,: I — I, defined by D,(f) =
D(r, t), is precisely the function denoted in §5 (applied to S,) by d; and
similarly D, (where D, ,(t)=D_(r, t)) corresponds to d, in §5, and
D_, to d_. In particular, D, = D_, and is continuous on the left, for each
r€ER.

Define A:R xI xI—1I by

A(l’, L y) = (l —y)D..(r' t) +yD+(r’ t)

(where r €R, and t, y €I); again for fixed r this reduces to the function
8 of 5.3. More precisely, if A/(t, ¥) = A(r, t, y), then & corresponds to the
restriction A, |S,.

We observe that these functions are Borel measurable. In fact, for each
fixed ¢, D,(r, t) is a Borel measurable function of r, because D, (@, t) =
u,(P,) where P=(R x [0,t]) NS, and the Borel measurability is guaranteed
by the disintegration theorem (4.1). And for fixed 7, D, (r, t) is an increasing
function of ¢, continuous on the right. So the theorem of 3.2 shows that D_
is Borel measurable; and similar arguments apply to D_ =D and to A.

Thus, on defining A:RxIxI—RxI by

Z(r, LYY= AT, t,y)) (r€ER;t, y €I,

we see from 3.1 that A is also Borel measurable.

6.4. Now for fixed r €ER we recall that ¢, was defined (in §5, applied
to (S,, &,)) by means of a decomposition of I into 3 disjoint sets I,,1,, 1,
and a corresponding decomposition of S, x I into sets T, T,, T, (5.4). We
now rename these sets I,;, T,; (i = 1, 2, 3); thus T,, =8;(/,) where &,
(called & in §5)is A, restricted to S,. Now define

U={{r} xT,lreR} (=1,2,3) and
Li={{r}xI,Ir€R} (@=1,2,3)

thus L,,L,,L, are disjoint sets with union R x I; U,, U,, U; are disjoint
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sets with union S x /, and U; = (AIS x I)"1(L,). From 5(16) we see that
AI U, is a bijection of U; onto L,. On using 5(14) and the definitions of
the sets I,;, we see that (in the notation of 3.4)

L, =G*D"), L,=J*D"), Ly =C"*D*)-J"D"),
=G*D)xI, U, =(S xI)NA~'K*D)), U, =(@*D)xI)-U,.

From 3.5 these sets are Borel subsets of R x I and S x I respectively. Further,
from 5.(20), & mapseach U, x H' onto L, x H' (i =1, 2, 3), where
H=IxH'

We show that & and &~! are measurable by showing that the restrictions
of ® to U, xH' and U x H' are Borel isomorphisms, and that U, x H' and
L, xH' are both null. For U, x H' this is simple; the restriction of <I> to this set
coincides with D x iy, where iy is the identity map of H and D:G *D)
— G*(D") is a bijection, with inverse (D")~. From §3,both D and (D*)~
are Borel measurable; hence ®|U, x H' is a Borel isomorphism onto G*(D")
xH'=L, x H', as desired.

6.5. On Uy x H' the situation is less s1mple It is easily seen that the
restriction of $ to U; x H' coincides with A x iy, sO it is enough to
verify that AIU3 is a Borel isomorphism. We have already seen that A is
Borel measurable, so we have only to show that A(E ) is Borelin R x I for
every Borel set E C U;. Now one verifies via 5(1S)that Uy =V, UV, UV,
where

v, =J*D) x (0, 1),
V, ={(.t,0)lr€ER, t€JD,),D_(r, t) € K(D,)},

Vy={@t DIr€R, t€JD,), D, t) & K(D,)};

and these 3 sets are Borel because they are the intersections of U; with
S x(0,1), S x {0}, S x {1} respectively. So it is enough to deal with the 3
cases ECV,i=1,2,3, separately.

First suppose £ C V,, and that E is of the very special form E =
J*(D) x (0, z), where 0<z<1, Let p be a rational number in (0, 1). Keep-
ing p and z fixed for the present, write

t,=D"(r,p), a,=D_(rt,)=D@t,),
b,=Q0-2)D_(r, t,) +zD (@ t,),
H,, ={(. p)Ir€ER, a,<p<b,}.
Then ¢,,a,,b, are Borel measurable functions of r (because D, D_ and D,

are Borel measurable); thus, from 3.6, sz is a Borel subset of R x I. Now,
letting p vary, one readily verifies that
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AJ*D) % (0, 2)) = Usz,
and is therefore a Borel set, as required.

In particular, on taking z = 1, we see that Z(V ) is Borelin R x I

Next suppose that the subset E of V, is of the form E=4x(0,1),
where A € B(J*(D)). It can be checked that in this case A(E )= Z(V n
(D))~ 1(A4), which again is Borel in R x I. Thus A(E) is Borel whenever
E belongs to the o-field of subsets of V; = J*(D) x (0, 1) generated by the
sets J*(D) x (0,2), 4 x (0,1) (0<z<1,A4 € BU*D))); that is, whenever
E is Borel in V.

It is not essential for present purposes to verify that A(E ) is also Borel
for Borel subsets E' of V, or Vj, because it is not hard to see that both
V,UV; and A(V2 U V) are null sets. But this fact (that AIV2 and AIV3
preserve Borel sets) will be needed later; it can be shown as follows. We have
V, = W, x {0} where

W, = {(¢, t) €J*D)ID(, t) & K(D,)};

and for (r, t) € W, we have A(r t, 0) @, D@, ) = D(r t). Thus to deal
with Al V, it is enough to show that D W, preserves Borel sets. Now, for
each rational p in (0, 1), write

X, = U{{r} x D, D*(r, p))Ir €R, D"(r, p) EJD)};

we first show that X, is Borel (in R x I). To do this, keeping p fixed, we
put t, =D"(, p), a,=D(r, t,), B={r €RI|t,€JD,)}, A={( a)lr €ER}.
As before, ¢, and a, are Borel measurable functions of r, and therefore A4
and B are Borel setsin R x I, R respectively. But it is easy to see that

X, =A N (B x1I), aBorel set as asserted.

Now we let p vary,and put Q =Up X, -K *(D); this is also a Borel sub-
set of R x I A straightforward (though tedious) verification will check that
DI W, is a bijection of W, onto Q, with inverse map (D*)~|Q. Since
(D7)~ is known to be Borel measurable, it follows that 5(5') is Borel for
every Borel E C W,. This deals with V,, and the argument for ¥V is
similar.

6.6. We have now checked that ®, restricted to (U, UU;) x H', isa
Borel isomorphism (onto (L, U L;) x H'); we next show that this restriction
is measure-preserving. Suppose E is a Borel subset of (U; U U;) x H'; then
$(E) is a Borel subset of R x H, and by Fubini’s theorem its measure is

(A x MY®(E)) = f r M(2(E),)dND),
where
®(E), = {h EHI(, h) € RE)} = ¢,(E,),
where
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E, = {(t, k) EI x H|(, t, k) EE}.

Since E, CS, x H, the fact that ¢, is an isometry (of (S, x H, u, x M) onto
@, M)) gives

O x MY@EN = [, (1, x MYE)D),

which by Fubini’s theorem again (all sets arising here being Borel) equals

Je {fR nr(Em)er)}dM(h),
where
E,, ={tE€I|@, t, h) EE}.

Thus, from the properties of u, provided by the theorem of 4.1, we have
O x MYRE) = [, u(E,)am),

where
E,={r,)ER xI|(r,t, ) EE} CS;

and so, finally, (A x MY®(E)) = (u x M)E), as required.

6.7. Finally, to show that & and ®~! (unrestricted) preserve measura-
bility and measure, it now suffices to verify that both U, x H' and &(U,x H')
are null. Now the same reasoning as in 6.6, applied to E = U, x H', gives

A\ x MY®U, xH")) = (u x MYU, x H').

But ®U, x HY=L, x H =J*(D") x H'; so, for fixed rER and 0’ EH’

the section {t €11, ¢, ') € ®(U, x H")} isjust J(D;"), which is countable

and therefore m-null. Thus one last application of Fubini’s theorem shows

A x MYP(U, x H')) = (u x M)YU, x H') =0, and the proof is complete.
6.8. For later use, we note the following sharpening of the above theorem

for the special case in which S = R x I. (It would be interesting to know

whether it is valid in general.)

THEOREM. If S=R x 1 in the theorem of 6.1, then the isometry &
can be taken to be a Borel isometry.

That is, we can arrange that, in addition to the properties of & specified
in the theorem of 6.1, ® and ®~! also take Borel sets to Borel sets. This has
already been verified for the restrictions of ® to U, x H' and U, x H'

(and their inverses), so it is enough to deal with & on U, x H'. We have seen
that both U, x H' and its image L, x H' are null sets, so all that remains

is to adjust @ on U, x H' so that it becomes a Borel isomorphism of

U, xH' onto L, x H'. To do this, recall (6.4) that
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Uy =U{{r} x T,,Ir €ER} where T,, =587',,);

L, =J*D")=K*(D); and (62) ¥(, t, x) = (r, 3,(t, x)) where, for (1, x) €
T,, x H', we have (from 5(18)) ¢,(t, x) = (p, Uprlt, Xy, %5), %5, * = +) where

p=ACt,x)=0-x)D_(t)+x,D,.(r, ) EKD,)=JD;)=1,,

and where ¥, is a Borel isomorphism of 8. 1) x I onto I. So far, Ypr
has been chosen arbitrarily and independently for each » (and p); and this is
basically why & at present need not be a Borel isomorphism. Now, using the
fact that here S = R x I, we shall specify the maps l[lp,. in a more uniform
way.

For fixed r € R we have (from 5(12) applied to S,, which now = I)
that, for p €I, = J(D;") = K(D,),

8,71 (®) = (@, by) x IV ({a,} x 4,) U ({b,} x B,)

where a, = D, _(p), b, = D;(p) and A, ={1} if a, €J(D,), I otherwise;
B, = {0} if b, €J(D,), I otherwise.

Note that &, 1(p) consists of the rectangle (a,, bp) x I together with
part of its boundary, and that there are 4 cases, depending on whether or not

J(D,) contains a, and/or b,. Corresponding to these 4 cases, we define

Y,=K*"D)NENF, Y,=K"D)NE)-F,
Y,=(K*D)—E)NF, Y,=K*D)—(EUF),

where E = (D)) '¢*D)) and F= (D))" '¢*D)). Thus Y,,Y,,
Y,, Y, are disjoint Borel sets with union K*(D) = L,. On writing X, =
Q)" '(Y) (=1,2,3,4) wehave that X,, X,, X, X, are disjoint Borel
sets with union (3)~!(L,) = U,.

Corresponding to the four kinds of rectangles arising above, we consider
four standard rectangles:

Z, =(0,1) x I together with the vertices (0, 1) and (1, 0);

Z, = (0, 1) x I together with the vertex (0, 1) and the edge {1} x I,

Z5 =(0, 1) x I together with the vertex (1,0) and the edge {0} x /; and
Zy=Ix1I

The product of each Z; with I is Borel isomorphic to 7, and we choose
a fixed Borel isomorphism ¢! of Z, x I onto I (i =1, 2, 3, 4). We now
specify ¥,, to be the specific Borel isomorphism (of 871(p) x I onto I)
obtained by scaling the appropriate y* appropriately; that is,
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Vprlt, X1, %) = VX (t - a,)/(b, — a,), %y, %;)

where (,p)EY, (=1,2,3,4), (t, x,) €5, '(p) and, as above, a, =

D_(r, p) and b, = D(r, p). (Of course b, >a, because p € J(D;).)
The effect is to specify ® on U, x H' =U?_ | X, x H' as follows:

For )€ X, and (x,,%,,**)EH, ¥, t,x,,X,,°**)=( D q, X3,

X4, ***) where (7, p) = K(r, t,x,) (thatis, p=A(, ¢, x;)) and

q = ¥t - D_(, p))/(D"(, p) — D_(, P))).

Thus, as a composition of Borel measurable functions, & is now Borel measur-
able oneach X; x H', andsoon U, x H'.
A routine calculation shows that the inverse map ®~! on L, x H' =
?=1 Y, x H' is now given by: For (,p)E€Y; and (,,y;,°**)EH’,
q)_l(r’ pt yz:}’;:,’ b .) = (r’ xl,xz,x3,J’3,J’4, b ') Whel'e

'xl = (l - ﬂl(g‘pi)_lyz))D«(r’ yl) +TT 1((‘pi)- lyz)D‘-(r’ y[),
X = ()02, x3 =m0,

where m ,m,, 3 denote the projection maps of the unit cube I x I x I onto
its respective coordinate spaces. Thus ®~! is also Borel measurable, and the
proof is complete.

7. Some properties of pseudo-isometries.

7.1. The definition of a pseudo-isometry, from one measure space to
another, was given in §1; as remarked there, it can be rephrased as follows (with
a further slight change of notation). A pseudo-isometry ¢ from (X, B, u) to
(X', B, u') is just an isometry (= point-isometry) from (X, C, u) to
X', B', i), where C isa o-subfield of B that is “full” in the sense of includ-
ing at least one member of each measure class. From this it is easy to see that
the composition of two pseudo-isometries is a pseudo-isometry.

7.2. In this paragraph, all measures considered are to be finite and complete
with respect to null sets. We first note some familiar measure-theoretic facts.

Suppose ¢i: (Xja Bi, “;) g (Xi', Bgf’ “;) is
1) such that ¢t_l preserves measurability and measure
(i =1, 2); then the same is true of (¢, x ¢,)~".

Here, of course, ¢, x ¢, denotes the usual product map of X, x X.
1 X9 1 2
in X} x X,, and these produce spaces are given the product measures.

@ Consequently the Cartesian product of two isometries

is an isometry.
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Also it is easy to show by standard methods that:

) If C; isa full o-subfield of B; in (1) (P=1,2),
then C; x C, is a full o-subfield of B, x B,.

Here,asin 3.1, C; x C, and B, x B, denote the usual product o-fields.
It follows immediately that

@ The Cartesian product of two pseudo-isometries is
a pseudo-isometry.

REMARK. All these results extend to products of arbitrarily many factors
(assuming each of them has measure 1), but we shall not need this.

7.3. The following result about extending pseudo-isometries will play an
essential part in the next section. (It will also be generalized later, in §10.) We
suppose, as in §8§4 and 6, that R is a compact Hausdorff space, S is a closed
subset of R x I such that n(S) =R, where m: R x I — R is the projection
map; further, u is a completed finite regular Borel measure on S, and A is
the corresponding measure on R. Let A be an arbitrary (nonempty) index
set, and let H4 denote the measure-theoretic product M{H, la € A}, where
each H, isacopy of H; we give H* the usual product measure M4. It
should be observed that, although M4 is usually defined as a completed Baire
measure, it can be equally regarded as a completed Borel measure because all
open subsets of H4 are M#-measurable (see [6, Corollary to Theorem 4, p. 993]
for the equivalent statement about (4, m4)). In the following theorem it is
understood that all product spaces have the usual product measures (completed
with respect to null sets), the factors R, S, H having measures A, u, M respectively.

THEOREM. Given a pseudo-isometry  of R x HA onto HA4, there
exists a pseudo-isometry © of S x H4 x H onto H* x H making the
following diagram commute, where w and & are the projection maps.

SxHA xH-25>HA xH

w 1 lo
v
R x HA —— {4
(The map w is perhaps not self-explanatory; it is given by w(s, x, ¥) =
@ (s), x), where SE€ S,x EHA,y EH)

PrROOF. Let & be the isometry of S x H onto R x H given by the
theorem of 6.1. Note that ®(r, ¢, y) (where (, ) ESCR x[I and y €EH)
has first coordinate r; we may therefore write it as (v, ®,(z, ¥)) where
®,(t, y) EH. Define © by
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e, t, x, y) = (¥(r, x), 9,(¢, »))

(where r €R, t €S,—thatis, (, 1) ES—and x EHA,y €H). Then © maps
S x H4 x H into HA x H, and it is easy to check that the above diagram
commutes. To show that © is a pseudo-isometry (onto), consider four maps
0, (n=1,2,3,4) defined as follows:

0, = xi): R x H* x H— H* x H, where i is the identity map
on H;

0,: R x Hx H* — R x HA x H interchanges the last two factors;
thatis 6,0, y, x) = (. x, ¥);

0, =(® xj):SxHxHA—R x HxH", where j is the identity map
of HA;

0,: S x HA x H— S x H x HA again interchanges the last two factors.

Note that 0,(, t, y, x) = (r, ®,(t, ¥), x) where tES, (thatis, (¢, 1)
€S5),xEHA and yEH.

It is easy to see that @ =0, 00, 65 6,. Now clearly 6,,60, are
isometries; so is 65, asa product of two isometries, by (2). And 6,, as the
product of a pseudo-isometry and an isometry, is a pseudo-isometry by (4).
Hence, by 7.1, the composition © is a pseudo-isometry, as required.

REMARK. As the proof shows, if § here is actually an isometry, then
sois O.

8. The main theorem.
8.1. In this section we prove the main theorem of this paper:

THEOREM. Given a compact Hausdorff space S, say of weight w, and
a completed regular Borel measure u on S such that u(S) = 1, there exists
a pseudo-isometry  of the measure-theoretic product (S, u) x (I, m"™) onto
", m»), where m" is the usual product measure derived from Lebesgue
measure m on L(8)

What we shall actually prove is the equivalent assertion that there exists a
pseudo-isometry ¥ of (S, u) x (H”, M") onto (HY,M").

By standard topology, S is homeomorphic to a subspace of the product
space I". Thus we may (and do) assume S CI"; of course the measure u
on S has in general no relation to m",

The presence of so many product spaces requires a fairly systematic nota-
tion. We regard I™ as 4 =TI {I,la € A} where A is an index set of

(8) For alternative topological hypotheses on S under which the theorem is true,
see the end of 9.1 below.
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cardinal w. For each BC A we write mg for the projection map of /4 onto
IB; that is, regarding 14 as consisting of the functions from 4 to I, as
usual, mp restricts them to B. If CCBCA we put ﬂg = projection map
from IB onto IC. We write 85 for mglS, Sy for 65(S) = my(S), GCB. for
n31Sg. Note that 6, =02 o 0.

We write ug for the completed regular Borel measure induced on Spg
by projection; thus

ug(E) = u@; '(E)) = (S N (E x IA-B)),
for each Borel (or measurable) set E C Sg.

)

It follows easily that:

If CCBCA, the inverse of the projection map
)] Og: (Sg, ug) — (S¢» Mc) preserves measurability
and measure.

Similarly we regard H™ as H4; we use g, dg to denote the projec-
tion maps HA — HB HB — HC (where C C B C A). As remarked in 7.3,
the product measure MB on HB (where M = m® 0) is a complete regular
Borel measure. Of course, the analogs of (1) and (2) hold for the measures M2
and projection maps Q2.

8.2. Now let P be the family of all ordered pairs (B, ¢) where &+
BCA and ¢ is a pseudo-isometry of (Sg, fig) x (HB, MB) onto (HB, MB).
Define a partial order on P by:

(C, ¥) < (B, ¢) if and only if C C B and the

following diagram commutes:
3) Sy x HB %> HB
B
6¢ x O 1 l &
Sc xH c¥, H¢
(Note that if C =B and (3) holds then Yy = ¢.) One sees at once, on drawing
the diagrams, that this does define a partial order (that is, is transitive).

We use Zorn’s Lemma to deduce the existence of a maximal element of P
First we note

@ P# &.

For choose any a, € 4, and take B = {a,}; then Sy is a compact
subset of I"o = I. The theorem of 5.1 gives a pseudo-isometry (in fact a Borel
isometry) ¢ of (Sg,ug) x H onto H; and since we can identify H with
HB here, we have (B, ¢) € P.
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Next,let [ = {(BE’ q)E)IE € =} be a (nonempty) totally ordered subfamily
of P; we construct an upper bound for [ in P. Put B= U{leg € =},
and define ¢: Sp x H8 — HB as follows. Given s € Sz, x €H® and BE B,
there exists £ € Z such that B € B,; choose any such £, and put ¥g = Bth
coordinate of the point ¢,(r5 (), OF (x)) € HB%. Then ¥ is independent
of the choice of &; forif also’ § € B, where n € Z we may assume without
loss of generality that (B, ¢;) < (B,, ¢,); and the assertion follows on applying
the commutativity of the diagram in (3).

We define ¢(s, x) to be the point of HZ for which the fth coordinate
is yg (B€ B). Because y is independent of the choice of £ above, we
readily verify that

®) cbgs(q)(s, x)) = ¢£(1rgt(s), agz(x)) forall £€E,s €Sy, x €HE,

Thus, once it is shown that ¢ is a pseudo-isometry of Sp x HEB onto HE, it
will follow that (B, ¢) € P and that (B, ¢,) < (B, ¢) forall £€E, as
required. To verify that ¢ is a pseudo-isometry as stated, we first check that
¢ is surjective. Given y € HB, there is for each £ € Z a unique (s¢. %) €
Sp % H® such that B (55, x¢) = ‘Dg (). If n€XE issuch that (B, ¢;) <
(B> ¢,) we see from (3) that s, ans s, have the same fth coordinate for
each B € By, and similarly for x, and x,. We thus obtain well-defined points
s € Sp,x € HB, such that 6F (s) =s, and &gi(x) =x, forall £€E. It
is now easy to see that ¢(s, x) = y.

Similarly it is a straightforward matter to check that ¢ is injective.

Next we show:

If E€H® is measurable, then so is ¢~ '(E) C Sy x HE,

O and @y x MBS E) = M),

First suppose E is a Borel “cylinder set” on a finite number of coordinates;
that is, E = (&g)‘l(Ec) =Eq x HB=C where C is a finite (nonempty) sub-
set of B, and where E, is a Borel subset of H€. Each BEC isin some
Bg; and the resulting finite set of members (BE’ ¢£) of L has a greatest
member, say (B,, ¢,). Thus CC B, and E is of the form @5 ) 'E)
where E, is a Borel subset of HB. Hence (¢n)‘l(En) =F, say,1}s a
measurable subset of SBn x HJB 1, with

(5, x MOME,) = MO(E,) = MP(E).

Now it is easy to see that ¢~'(E) = (65 x &F )~ '(F,). From (2), (65 )"
preserves measurability and measure, and the same is true of (oﬁgn)"'. Thus
(cf. 7(1)) the same is also true of (Ogn x dgn)"; which shows that ¢~ !(E)
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is measurable and that (ug x MBY o~ Y(E)) = (TP MB")Fn = MB(E).

The family of all measurable sets E C HB for which (6) is true, being a
o-field (from 4.4), thus contains the Baire sets in HZ. But every ME-null set is
contained in a null Baire set, so that (6) is also true for null sets, and thus holds
unrestrictedly.

Next we show:

Given a measurable set D C Sy x HE, there exists

Q) a measurable set D' C Sy x HB, differing from D
by a null set, such that ¢(D") is measurable (in
(HE, MP)).

Again we first show this when D is a Borel cylinder set on a finite number
of coordinates. More precisely (recalling that Sp C IB) we require D to be of
the form (Ggl)"(Dl) X (cbgz)"’(Dz), where C,, C, are finite subsets of
B, and where D,, D, are Borel subsets of HC!, HC2 respectively. As before,
we have C, UC, C BE for some § €=, and D can be written as

D= (035)"(5) x (ége)“(F)

where E, F are Borel subsets of Sg , HB £, respectively. Because ¢, isa
pseudo-isometry, there exists a measurable set G in SBt x H¢ such that G
differs from E x F by a (”BE X MBf)-null set and ¢¢(G) is measurable (in
(H®E, MP%)). Now define D' = (68 x OB )~1(G); it follows as before (in proving
(6)) that D' is measurable and differs from D by a null set. A routine calcu-
lation shows that ¢(D") = ¢,(G) x HB~B&, which is measurable. Thus (7)
holds for D of this special form. Hence it holds for the o-field generated by
these sets; that is, for the Baire sets in Sg x HEB. But, by a standard property
of regular Borel measures, every measure class in Sp x HB contains a Baire
set, so (7) follows in full generality.

This proves that ¢ is indeed a pseudo-isometry from Sg x HE onto HB,
and thus that (B, ¢) is an upper bound for L in P.

8.3. By Zorn’s Lemma, P therefore has a maximal element, say (C, {).
We now show that C = A, thus establishing that  is a pseudo-isometry of
S x H” onto H™ as required.

Suppose « €A — C; put B=CU {a}, S’ = ng(S)=Sg, R =n,(S) =
Sc. We apply the theorem of 7.3 to the pseudo-isometry y: R x HC — HC,
Note that the hypotheses of that theorem apply here: R is a compact Hausdorff
space, S’ is a closed subset of R x I, projecting (under ﬂg) onto all of
R; and, because of (2) above, the measures po on S’ and ug on R are
appropriately related. We therefore obtain a pseudo-isometry © of
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S" x HS x H, onto HC x H, —thatis, of Sp x H® onto H®—making
the diagram
SB x HB i,HB

B B B
ecch cbc

S¢ x HE 4> HE

commute. Thus (B,®) € P, and (C, ¢) is strictly < (B, ©). This contradicts
the maximality of (C, ¥) and establishes the theorem

9. A Baire isomorphism theorem.

9.1. The theorem of 8.1 gives a pseudo-isometry y; as pointed out earlier,
¥ can be regarded as an isometry if one replaces the o-field of measurable sets
in S by a suitable (full) o-subfield. There is a certain lack of precision here;
it would be interesting to know whether ¥ can be chosen so as to be an isometry
(without this replacement). Even more, can ¢ be made to be a Borel isometry?
While these questions remain unanswered, we are able to show that, under rather
different topological assumptions about S, it can be arranged that ¢ is a
Baire isometry—that is, both ¢ and ¢¥~! take Baire sets to Baire sets of the
same measure. The theorem is as follows.

THEOREM. Suppose S is Baire isomorphic to a product I of unit
intervals, and that u is a Baire measure on S with u(S) = 1.(°) Then there
exists a Baire isometry ¢ of (S, u) x (™, m™) onto (I¥, m").

As a corollary, the theorem applies if S is topologically a Baire set (not
necessarily compact) in I¥, w = 1. Forif w< Ny, S is then a separable
absolute Borel set, and is therefore Borel (= Baire) isomorphic to 7 (unless S
is countable, in which case the conclusion of the theorem holds trivially). And
if w>8,,S is homeomorphic to S' x I where S’ is a separable absolute
Borel set, so that S’ x I is Baire isomorphic to / and S is Baire isomorphic
to I".

The theorem also applies, for example, when S is topologically the
product of w separable absolute Borel sets—open intervals or Cantor sets, for
instance.

Of course, in these examples (as in the theorem) the measure u is to be a
Baire measure. We could instead suppose u to be extended to a regular Borel
measure in the above theorem; then { becomes a pseudo-isometry, and we
obtain a variant of the theorem of 8.1 under alternative topological hypotheses
on S.

(9) A ‘“‘Baire isomorphism” is a bijection preserving Baire sets both ways.



SMOOTHING COMPACT MEASURE SPACES 35

9.2. In proving the above theorem, we may assume that S = /" (though
the measure u is of course unrelated to m"™). The proof now consists in going
over the entire argument leading to the theorem of 8.1, in the case S =17", and
checking that with suitable modifications it now ensures that Baire sets behave
properly. The point is that, because now § =I", the spaces Sg arising in the
argument of §8 will themselves be products of intervals; thus the earlier results will
be needed only for products of intervals, and the resulting topological simplifications
will enable us to deal with the Baire sets. We now describe the necessary modifica-
tions in more detail, reverting to the notation previously used (so that the symbol
S will temporarily lose the meaning given to it above).

The results of §3, which were previously used to guarantee Borel measur-
ability in the later constructions, will now be used to guarantee Baire measurability;
no change in §3 is needed for this. We shall need the disintegration theorem of
§4 only when S =R x I, and in this case (or more generally if S is a compact
Baire subset of R x I) we replace the word “Borel”, applied to sets, measures
and measurability, by the word “Baire” throughout §4 (note that a finite Baire
measure is automatically regular). With this replacement, the argument in §4
needs only two slight modifications. First, in the proof of equation (2) (in 4.2),
we must now ensure that #(F) is a Baire (rather than merely Borel) set. To do
this, note that F can now be taken to be a countable union of zero-sets, and
that m takes zero-sets to zero-sets (as one can show via the fact that zero-sets
coincide with closed G, sets). Second, in proving (a) in 4.3, we need to know
that {r €R|a, €F} is a Baire set; this is now trivial, because now a, = 0
forall r €R.

In the situation dealt with in §5 the notions “Baire” and “Borel” are
synonymous, so no alteration is needed. We shall need the result of §6 only
when § =R x I; in this case, it was shown in 6.8 that the isomorphism &

(of 6.1) can be taken to be a Borel isometry. By replacing “Borel” throughout
the proof by “Baire”, we obtain a proof of the corresponding theorem giving a
Baire isometry in 6.1 (when S =R x I and p is a Baire measure on S).

The extension theorem of 7.3 will likewise be needed only when S =R x I;
and in that case we need to know that, if  is a Baire isometry, then @ can
be taken to be a Baire isometry too. This is shown by the proof in 7.3, which
(granted that S = R x I) needs no alteration.

Now, assuming § = I, we turn to the argument in §8, of course re-
placing the Borel measures by Baire measures throughout. Note that now Sg =
I8 and Gg = ng, in the notation of 8.1. The family P (8.2) will now con-
sist of all ordered pairs (B, ¢) where @#B CA and ¢ is a Baire isometry
of (Sg,ug) x (HB, MB) onto (HB, MB). The partial ordering of P will be
the same as before (8(3)). The proof, in 8.2, that Zorn’s Lemma is applicable is



36 DOROTHY MAHARAM

unchanged, except that it must now be shown that ¢ is a Baire isometry; in
other words, 8(6) must be replaced by:

©) If ECH® isa Baire set, then sois ¢~ '(E) CSp x HE
(=18 x HB); and (uz x MB) 9~ ! (E)) = MB(E);
and 8(7) is to be replaced by:

, If D isa Baire setin Sz x HB, then ¢(D) isa
@ Baire set in H5.
Now (6') follows by essentially the same argument as that used to prove (6)
in 8.2 (the argument is now even a little simpler, as only Baire sets have to be
considered). And the proof of (7') is similar to that of (6') (and simpler than
that of (7) in 8.2).

Thus, as before, P has a maximal element (C, ¢); and it follows that
C = A by substantially the same reasoning as in 8.3; note that we need the Baire
analog of the theorem of 7.3 here only in the case S' =R x I, for which it
has been shown above to be valid. This completes the proof of the present theorem.

10. An isomorphism theorem for maps.

10.1. We conclude the paper by deducing from the previous work a theorem
on “smoothing” continuous maps with measure-preserving inverses; roughly
speaking, while such a map need not be isomorphic to a projection (from a prod-
uct of intervals to a subproduct), its product with a suitable projection is
isomorphic to a projection. The resulting theorem includes the theorem of 8.1,
and may be regarded as a generalization of the extension theorem of 7.3

THEOREM. Suppose R, S are compact Hausdorff spaces, and 0 is a con-
tinuous map of S onto R. Let u be a complete regular Borel measure on S,
with u(S)=1, and let \ be the (complete regular Borel) measure on R
induced by 0 (thatis, A\ = o 0~'). Then there exist index sets A, B, with
the following properties: (i) @# B C A; (ii) there exists a pseudo-isometry ¢
of (R x IB,\ x mB) onto (IB, mP); (iii) for every such ¢ there exists a
pseudo-isometry Y of (S x I4,u x m?) onto (I4, m*) such that the
following diagram commutes, where & denotes the projection map of I4 onto
IB:

S x4 4
0 Xnm [ 4

R x IB 2B
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10.2. We first prove the above theorem in a special case. Suppose R C I8
and S CI4, where B is an arbitrary infinite subset of an arbitrary infinite set
A; and suppose 0 = 7|S, where w is the projection map from I4 to IZ.

By the theorem of 8.1 applied to R, we get a pseudo-isometry ¢ of the measure-
theoretic product (R x A) x (I, m") onto (I, m"™) where w is the weight
of R. Trivially w can be replaced by any larger cardinal; thus we may replace
(¥, m*) throughout by (I2, mP), or equivalently by (HZ, MB). Referring
to the argument in 8.2, we then have (B, ¢) € P, and by Zorn’s Lemma there is
therefore, for any such ¢, a maximal element (C,V¥) of P such that (B, ¢) <
(C, ¥). But the argument in 8.3 shows as before that C=A4. Thus ¢ isa
pseudo-isometry making the diagram

S x HA 4> g

0 X TR TR

R x HB 2> B
commute. Since H4 and HZ are the “same” as [4 and IZ, this proves
the theorem in this case.

10.3 In the general case, we first define suitable sets A4, B. Take A4 to be
the set of all continuous maps a: S —> I, C to be the set of all continuous
maps ¢: R — I, and B to consist of those continuous maps ¢: § — I that
are expressible as b =c o 0, where ¢ € C. Trivially BC A and B is infinite.
There is a natural bijection 6* of C onto B, given by 6*(c) =co 0, and 0*
induces a homeomorphism ¢ of I€ onto IB (sending the point x: C — I of
I€ to the point y: B— I of IB for which y(b) = x(6*1(b)), b € B).

Let e be the evaluation map of R into I€; that is, for each r ER,

e(r) is the point x: C—> I of I€ for which x(c) = c(r),c € C. It is well
known that e is a homeomorphism. Similarly the evaluation map €' of S
into I is a homeomorphism. Write

S, =€) CI4, R =ke®R)CIB 0,=nls,,
where 7 is the projection map of /4 onto IZ. Observe that the diagram
s,
6 l lol
RESR,

commutes, and that all maps in it are surjective. The maps €', £ o e are homeo-
morphisms, and we use them to transfer the measures u on § and A on R
to measures w4, on S, and A, on R,; thatis, u,(£)= u(e'~'E) for each
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Borel set E C S;, and similarly for A,. Using the commutativity of the above
diagram, we see that A, is precisely the measure uo 01" induced on R, by
0,.

Again, on writing 4, j for the respective identity maps on I4, I8, we
see from the commutativity of the above diagram that the diagram

S><I“‘-el—x>Sl x [4

0 xXm loan

RXIBMRl % IB

also commutes.

Now the special case considered in 10.2 applies to the measure spaces
(R,5 7)), (S,, 1) and the map 6,; so we get the existence of pseudo-isometries
¢,, ¥, making the diagram

v
S, x 14 —H 4

GIXn l [ﬂ
(]

R, xIB — 1B

commute. Combining this with the previous diagram, and defining ¢ =
Yo xi),6=0,°(%ee) xj), wehave the commuting diagram required by
the theorem, once it is verified that { and ¢ are pseudo-isometries. But e xi
and (£ce) xj are isometries, from the way in which u, and )‘1 were de-
fined; so the result follows from 7.1.

All that remains is to note that every pseudo-isometry ¢, of (R x I8,
A x mB) onto (I3, m®), can arise here, since we have only to take ¢, =
¢o ((t°e) xj)~!, which is a pseudo-isometry of R, x I3 onto IB because
of 7.1 again.

10.4. It would be interesting to know whether a satisfactory Baire analog
of this theorem is valid. The following very special result can be obtained by a
straightforward adaptation of the argument in 10.2: Suppose R =IZ and
S =14 (where BCA and is infinite), and that 6 = m, the projection map
from I4 to IB. Let u be a Baire measure on S, with u(S) =1, and let
A =po0~!. Then there exist Baire isometries ¢ of (R x I8, A x m®) onto
(B, mB) and ¢ of (S xI4,u x m?) onto (I4, m#), making the diagram

S x 14 -4 g4

Oan 11;

R x I8 -2 B

commute; moreover, for every such @, a corresponding ¢ exists.
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The hypotheses here would have to be considerably relaxed before the
method of 10.3 could be applied to generalize the result further.

ADDED IN PROOF. The proof of the disintegration theorem of §4 can be
considerably shortened. After defining f(H, r) (p.12), put u (r)=
inf {f(RN[0,¢])It rational, 1 >¢>x} (x €/, r €R). One can take p , for
r€ER-N" (where N” is a suitable null set), to be the Lebesgue-Stieltjes mea-
sure on I defined by u (), and verify that this works. (On N", p,_ is defined
as before, p. 15.)

This theorem can also be deduced from a general disintegration theorem due
to M. Valadier (Désintegration d'une mesure sur un produit, C. R. Acad. Sci. Paris
276 (1973), 33—35). Other, independent proofs of the general theorem have
been given by S. Graf and by the author. I am grateful to Dr. Graf for calling
my attention to Valadier’s proof, and for showing me his own.
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